For anti-plane shear waves in periodic elastic composites, it is shown that negative energy refraction can be accompanied by positive phase-velocity refraction and positive energy refraction can be accompanied by negative phase-velocity refraction, and that this can happen over a broad range of frequencies. Hence, in general, negative refraction does not necessarily require antiparallel group and phase-velocity vectors. Details are given for layered composites and the results are extended to, and illustrated for, twodimensional periodic composites, revealing a wealth of information about the refractive characteristics of this class of composites. The composite's unit cell may consist of any number of constituents of any variable mass density and elastic modulus, admitting large discontinuities. A powerful variational-based solution method is used that applies to one-, two-and three-dimensional composites, irrespective of their constituents being homogeneous or heterogeneous. The calculations are direct, accurate and efficient, yielding the band structure, group-velocity, energyflux and phase-velocity vectors as functions of the frequency and wavevector components, over an entire frequency band.
Introduction
Elastic composites can have remarkable mechanical and acoustic properties that are not shared by their individual constituents. They have found widespread applications and hence have been extensively studied (e.g. [1] [2] [3] [4] [5] ). Here the focus is on harmonic waves in periodic elastic composites, and their dynamic properties [6] [7] [8] [9] . In this context, efficient and accurate calculation of their
Statement of the problem and field equations
To present the general method, we first consider a layered composite and then extend the results to two-dimensional unit cells. Take the x 1 -axis normal, and the x 2 and x 3 parallel to the layers. With a denoting the length of a typical unit cell, the mass densityρ and the elastic shear moduli, μ jk , j, k = 1, 2, withμ 12 =μ 21 , have the periodicity of the composite, i.e.
ρ(x 1 ) =ρ(x 1 + ma) andμ jk (x 1 ) =μ jk (x 1 + ma), j, k = 1, 2, (2.1)
for any integer m. For Bloch-form time-harmonic anti-plane shear waves of frequency ω and wavevector components k 1 and k 2 , the non-zero displacement componentû 3 (x 1 , x 2 , t) has the following structure:û 3 = u p 3 (x 1 ) e i(k 1 x 1 +k 2 x 2 −ωt) , (2.2) where u p 3 (x 1 ) is periodic with the periodicity of the unit cell. Set 11 (aξ ) dξ , (2.4) and consider the following dimensionless quantities: 
where ν is the dimensionless frequency. Here the displacement, u p 3 , and the non-zero (shear) stresses, σ 13 = σ 31 and σ 23 = σ 32 , are rendered non-dimensional and denoted by w and τ j , j = 1, 2, respectively. In what follows, the corresponding (engineering) strains, 2 13 = 2 31 and 2 23 = 2 32 , will be denoted by γ 1 and γ 2 , respectively. The (normalized) field equations then become In view of equations (2.6), (2.7) and (2.2), the shear stress τ 2 can be expressed in terms of τ 1 and w, as follows: Hence,
Variational formulation: layered composites
Consider now the following functional:
where gu, v = 1/2 −1/2 guv * dξ for a real-valued function g(ξ ) and complex-valued functions u(ξ ) and v(ξ ), with star denoting complex conjugate. In (3.1), w and τ j are viewed as independent fields subject to arbitrary variations. It is easy to show [33] that equations (2.6) are the Euler equations that render the functional I stationary. For layered composites, however, it is expedient to use (2.8) in (3.1) and consider τ 1 and w as the only independent fields subject to variations, especially because the periodicity in layered composites is only in one direction. Hence consider the functional
The first variation of I 1 with respect to w * and τ * 1 yields, respectively,
which also follow from (2.6) to (2.8).
To find an approximate solution of the field equations (3.3) subject to the Bloch periodicity condition (2.2), consider the following estimates:
which automatically ensure the Bloch and continuity conditions. Substitution into (3.2) now yields where Λ (αβ) is a linear integral operator, defined by
with f (ξ ) being a real-valued integrable function. For an even function, f (ξ ) = f (−ξ ) (symmetric unit cells),
Furthermore, for a piecewise constant f (ξ ), e.g.
with l n = 1, one obtains
. . , ±N, and M = 2N + 1, and note that, in view of linearity, for any two constants a 1 and a 2 ,
Also, let H be an M × M diagonal matrix with components (Q 1 + 2πα)δ αβ . Then, (3.5) can be rewritten as
For symmetric unit cells, I 1 may be written as
Furthermore, when μ 12 = 0, we obtain and, for each eigenvalue, the corresponding displacement field, W, is given by (3.13) 1 , and the stress field by
Note that H is a diagonal matrix whose components are linear in Q 1 . From (2.6) and (2.7), the x 2 -component of the shear stress, τ 2 , and the x 1 -component of the shear strain, γ 1 , are given by
As can be seen, W is real-valued and T is purely imaginary. Both are implicit functions of Q 1 and Q 2 .
The periodic parts of the displacement, velocity and stress components are summarized here for subsequent application
and
where for each frequency band J, associated with an eigenvalue ν J , equations (3.13) and (3.15) yield the corresponding coefficients, W (α)
J and T (α)
J ; the subscript J has been omitted in the above expressions. Once W (α) and T (α) are calculated for a desired eigenvalue, ν, the above expressions give the periodic part of the field variables.
Phase and group velocities, and energy flux
For a given (symmetric) unit cell that consists of a given number of layers of prescribed mass densities and stiffnesses, matrices A and Λ[f (ξ )] in (3.13) can be computed explicitly using (3.7). The expression in the left-hand side of (3.14) will then depend parametrically on the wavevector components, Q 1 and Q 2 . The resulting eigenfrequencies, ν, can thus be expressed as functions of Q 1 and Q 2 . These eigenfrequencies form surfaces in the (Q 1 , Q 2 , ν)-space, referred to as phase constant surfaces (or dispersion surfaces). The first zone corresponds to −π ≤ Q 1 , Q 2 ≤ π . We focus on this zone and examine the dynamic properties of layered elastic composites on the first and second frequency bands. On each frequency band, the phase and group velocities are given by
here and below, J = 1, 2, . . . denotes the frequency band and k = 1, 2 the x 1 -and the x 2 -directions, respectively. The group velocity defines the direction of the energy flux; it is given by
The x 1 -and x 2 -components of the energy-flux vector are given by
which is real-valued, where k = 1, 2. Substitution from (3.17) and (3.18) results in
The direction, β J , of the energy-flux vector is hence given by
It is known [42] that the direction α J is essentially the same as the direction β J of the energy flux for non-dissipative media. We shall illustrate this in what follows. An important cautionary note: for an oblique anti-plane shear wave in a periodic layered elastic composite, the angle of incidence θ = atan(Q 2 /Q 1 ) cannot be arbitrary, limiting the admissible values of Q 2 depending on the structure and composition of the corresponding unit cell, as well as on values of Q 1 .
Illustrative examples (a) Example 1: a two-phase composite
We now examine the dynamic response of a two-phase composite where the corresponding unit cell consists of a very stiff and a relatively soft layer (figure 1). We show that, on the second frequency pass-band of such composites, the group and phase velocities in the x 1 -direction (normal to layers) are antiparallel (backward wave), whereas they are parallel in the x 2 -direction (parallel to layers), signifying the negative energy refraction with positive phase refraction characteristic of this class of elastic composites in anti-plane shearing. By contrast, on the first frequency pass-band of the composite, the group and phase velocities are parallel, in both the x 1 -and x 2 -directions.
While the formulation and calculations are in terms of dimensionless quantities, in what follows the results are presented in terms of dimensional values for the symmetric unit cell shown in figure 1. The dimensionless parameters and the results are calculated using the following specific material properties (typical for PMMA and steel):
(1) μ 1 = 80 × 10 9 Pa; ρ 1 = 8000 kg m −3 ; total thickness = 1.3 mm; and (2) μ 2 = 3 × 10 9 Pa; ρ 2 = 1180 kg m −3 ; total thickness = 3 mm. Figure 2 shows the frequency (in kilohertz) as a function of Q 1 for indicated values of Q 2 , and figure 3a,b shows the constant-frequency contours together with the direction of energy flow (superimposed arrows) as functions of Q 1 and Q 2 , for the first two frequency pass-bands. As is seen, for suitably small values of Q 2 these contours are ellipses on the first pass-band, whereas they are hyperbolae on the second pass-band. On the first frequency pass-band, the corresponding components of the energy-flux and the phase-velocity vectors are parallel, but not on the second frequency pass-band. In this latter case, the energy flux in the x 1 -direction is antiparallel with the corresponding component of the phase velocity, whereas in the x 2 -direction these components are parallel. Hence the composite may or may not display negative refraction, depending on the direction of the incident wave, as shown in figure 3b . Here, in addition, negative energy refraction is accompanied by positive phase refraction and positive energy refraction is accompanied by negative phase refraction; see §5b for illustration. In terms of the group and phase velocities, in figure 3a, v (a) Figure 6 . Plane harmonic wave of wavevector k in is incident from (a) the x 2 < 0 and (b) the x 1 < 0 homogeneous half-space toward a periodic half-space; k rf and k tr are the reflected and transmitted wavevectors; v g and v p are the corresponding group and phase velocities. (c) Example 4: a three-phase composite Qualitatively, the three-phase layered composite has the same dynamic response as the two-phase composite considered above. As an illustration, consider a unit cell consisting of a central 1 mm thick layer of steel that is sandwiched by two layers of a polyurea/phenolic-microballoon composite of 0.4 mm thickness each, and then by two layers of PMMA of 1.25 mm each, the total thickness of the unit cell being 4.3 mm, the same as the two-phase composite. of Q 2 , these contours are ellipses for the first pass-band, but they are hyperbolae for the second pass-band. Moreover, both of the components of the group-velocity vectors are parallel with the corresponding phase-velocity components on the first pass-band, but on the second frequency pass-band, only their x 2 -components are parallel while their x 1 -components are antiparallel with the corresponding components of the phase-velocity vectors. Hence, the refraction properties here are the same as those of the two-phase composites (figure 6). Also, the directions of the group-velocity and energy-flux vectors are the same.
Hence, in general, for anti-plane shear waves, layered periodic composites display negative refraction accompanied by positive phase-velocity refraction and positive refraction accompanied by negative phase-velocity refraction depending on how they are interfaced with a homogeneous material.
(d) Extension to two-dimensional unit cells
Here we briefly outline how the results can easily be extended to two-dimensional periodic composites, assuming for simplicity square unit cells of dimensions a 1 = a 2 = a.
The displacement w and the stresses τ j are now expressed as
where ξ j = x j /a, Q j = k j /a (no sum on j, j = 1, 2) and ν is the dimensionless frequency. Substitution into (3.1) and minimization with respect to the unknown coefficients W and T j results in where
] is an M 2 × M 2 matrix, and H 1 and H 2 are two M 2 × M 2 diagonal matrices with the respective components (Q 1 + 2π n 1 )δ n 1 m 1 and (Q 2 + 2π n 2 )δ n 2 m 2 . The components of Λ f are defined by 5) with f (ξ 1 , ξ 2 ) being a real-valued integrable function. From the system of linear and homogeneous equations (5.4), we obtain,
For given values of Q 1 and Q 2 , the eigenvalues, ν, of equation (5.6) 1 are obtained from
and, for each eigenvalue, the corresponding displacement vector, W, is given by (5.6) 1 , and the stress components by
The results outlined above can be modified to obtain the necessary equations when the planewave expansion method is used. For this, equation (5.6) 2 needs to be changed to Φ = (H 1 Λ μ 11 H 1 + H 2 Λ μ 22 H 2 ). This means that f (ξ 1 , ξ 2 ) now stands for the (spatially variable) shear modulus of the unit cell.
The calculation of the group-velocity and energy-flux vectors follows the same procedure as outlined in §4, with the energy-flux being given by equation (4.3) . In what follows, a two-dimensional illustrative example is briefly discussed. (e) A two-dimensional illustration
Consider a periodic composite consisting of a two-dimensional square arrangement of steel rods of a common elliptical cross-section (1.5 × 2.0 mm), coated by an elastomeric polymer (0.7 GPa shear modulus, 1000 kg m −3 mass density) of outer 3.0 mm diameter, and embedded within a PMMA matrix, as shown in figure 9a ; the properties of steel and PMMA are given in §5a.
In figure 9b , we have compared our results with those obtained using the plane-wave expansion method for N = 3, 6, 10, 13, 15, corresponding to 49, 169, 441, 729 and 961 terms, where the planewave expansion results are in red and those for the present variational method are in blue. As can be seen, our method converges very rapidly, yielding essentially the final results for N = 3 (49 terms), whereas the plane-wave expansion has not yet converged even for several hundred terms. As our final illustration, figure 10 shows the equifrequency contours of the first and third pass-bands together with the superimposed energy-flux vectors, which reveal a wealth of physics for this two-dimensional phononic crystal; for a thorough exposition, discussions and several examples, see [43] .
(f) Discussion and conclusion Periodic elastic composites can be designed to have static and dynamic characteristics that are not shared by their constituent materials. Some of the dynamic characteristics and responses of layered periodic composites are explored in this work, using harmonic anti-plane shear waves. The considered layered composites lack periodicity in the direction parallel to the layers. This profoundly affects their dynamic response, leading to anomalous wave refraction, namely, for this class of composites, negative refraction is accompanied by positive phase-velocity refraction. This phenomenon was first recognized by [41] for TM and TE electromagnetic waves in photonic crystals. Here, we have shown this in phononic crystals and, in addition, we have shown that the composite can also display negative phase-velocity refraction accompanied by positive energy refraction, a phenomenon which does not seem to have been recognized before.
In this work, a general variational approach is developed that produces the entire band structure of the composite for unit cells of any number of layers with any arbitrary properties. Explicit expressions are developed for the band structure, group-velocity and energy-flux vectors. The general results are illustrated using a two-phase and a three-phase unit cell with piecewise constant properties. The presented method is applicable and effective also when some or all of the layers in a unit cell have spatially varying properties. We have also shown that the method can easily be extended to two-dimensional unit cells, and have illustrated this using a three-phase doubly periodic example. By comparing the results of our method with those obtained using the plane-wave expansion approach, we have demonstrated the remarkable effectiveness of our general variational formulation.
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